INTRODUCTION
An invariance principle for Markov processes is a theorem to claim a diffusive scaling limit of a functional X = Xt of Markov processes 218 H. OSADA This has been studied by [8] , [1] for the reversible case, and by [21] , [29] for the non reversible case under the strong sector condition. Some of main assumptions in these works are the following; (1) X is an additive functional of Y, and (2) the mean forward velocity of X exists. Here the mean forward velocity cp of X means, roughly speaking, the following quantity;
Here Es is the expectation with respect to In continuous models, it is often difficult to check these assumptions; even in the simple case such as homogenization of reflecting diffusions in random domains we need a long argument to prove (2) (see [21, Sect. 3]). One of our purpose is to improve such a situation by assuming the condition-(A.4) and (A.5) defined lateron associated Dirichlet forms; under this condition, ( 1 ) is unnecessary and (2) is automatically satisfied. This condition is not restrictive. It is still a very mild assumption satisfied by many models (see Sect. 1 ). Our second purpose is to obtain an explicit expression of the limit matrix, that is, the average By product we give a universal inequality of limit matrices, which says limit matrices are always greater than or equal to that of the symmetrized process, or in other words, if we add a skew symmetric part to a reversible Dirichlet form, then the limit matrix always increases.
Our work is motivated by the following problem: Consider infinitely many hard core Brownian balls (Xi)iEN in IRd and tag one particle, say Xio. Then the problem is to prove (0.1) for For this the previous results are not sufficient. Indeed, X2° has very singular drifts caused by collisions to other infinitely many Brownian balls. So its mean forward velocity has an extreme roughness. To prove the existence of such a singular mean forward velocity in infinitely dimensional situation, we [ 12] , [3] .
In previous works X has been an additive functional of Y. One of our key idea is to extend Y to be a Markov process (X, Y) on IRdx8 in such a way that Xt = Xt -Xo. For is strong local (see [3] where bij is the Kronecker delta. We consider the equation on 03C8i E Do for each 1 z d given by:
It is easy to see that (0.9) has a unique solution 1jJi (see [21, Lemma 2.1 ] ).
We now state the expression of the limit matrix. (2) Positivity of limit matrix 0152 depends on individual structures of each models. We will prove it in [20] for tagged particles of infinitely many hard core Brownian balls (see Remark 1.3 below) . We refer to [ 1 ] , [ 13] for the case of soft core, and [8] , [26] in case of exclusion processes on See [17] , [27] for reflecting barrier Brownian motions in random domains.
(3) 0152 is called effective constants in homogenization problem, and self-diffusion constants for tagged particles of infinitely many particle systems.
(4) Suppose X is the additive functional of Hy and Dirichlet forms are symmetric. If the mean forward velocity cp is in L~(0, and in the domain of the generator of Hy, then a is given by the following (see [1] , [26] );
The second term is called the integral of velocity autocorrelation function. This expression does not make sense when 03C6 ~ L2(0398, ).
One of advantages of (0.10) is that (0.10) holds even if the mean forward velocity cp is a distribution, which is the case of hard core Brownian motions.
As an application of Theorem 2, we obtain a universal inequality on ( 1 ) and be the limit matrices associated with and respectively. Then Here the inequality means a is a positive definite matrix. (2) We have a variational formula of the limit matrix for the symmetric case; f~d.
Remark 0.3. -When c~ is in L2(~, ~c~, inequality (0.11) was known for specific models (see [29] , [13] ). Our contribution here is to prove inequality (0.11) with a great generality.
AN INVARIANCE PRINCIPLE FOR MARKOV PROCESSES
We now explain some idea of the proof. In previous works [8] , [ 1 ] , [21 ] , [29] , X was assumed to be an additive functional of and have a mean forward velocity. It is difficult to prove the existence of the mean forward velocity for general additive functionals even if Hy is symmetric. However, if X is an additive functional of the form for some f E D~r (/ is the quasi continuous modification of f, see [3] , [12] ), then the existence of the mean forward velocity cp is trivial from the well known relation (see, e.g., [ Rdx8. (For this we assumed (A.4) and (A.5)). Then Xt -Xo of is an additive functional of the form like as (0.13), with coordinate function x. We next introduce a weighted non-symmetric form and a weighted L2 space, associated with in such a way that x is in its domain. Then, as we see in Lemma 3.1, we obtain the existence of the mean forward velocity of X.
At a first glance one may think our formulation is complicated; however, it nicely fit concrete problems. In order to convince readers to this point, we give applications in the next section. The proof of main theorems will be started from Section 2.
The organization of this paper is as follows: In Sect. 1 we apply main theorems to central limit theorems for tagged particles of interacting Brownian motions with skew symmetric drifts. We also refer to the homogenization of non-symmetric reflecting diffusion processes in (~d. In Sect. 2 we introduce a weighted form and prove is conservative.
In Sect. 3 we prove the existence of mean forward velocity. In Sect. 4 we complete the proof of Theorems 1-3. In Sect. 5 we collect some results from Dirichlet form theory. These results are used in preceding sections.
Applications
In this section we give applications.
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Tagged particles of interacting Brownian motions
We first give a rough sketch of the problem. Let 03A6:Rd ~ R U be a measurable function such that ~(~) = ~(2014~c). We consider a diffusion on formally given by the following SDE;
where N={1,2,...} is the set of the natural numbers and Bl (i E N) are independent Brownian motion on IRd. We tag one particle, say. The problem is to prove aBt.
When ~ E SDE ( 1.1 ) was solved by Lang [9] , [10] . (See also [25] , [4] , [28] ). We however use here the Dirichlet form construction due to [ 18] because it does not need the smoothness of ~ and gives associated Dirichlet forms explicitly. We now proceed to the precise formulation of the problem: Let xn ~ is a finite or infinite sequence in f~d with no cluster points and b~, is the delta measure at a. By convention we regard zero measure as a configuration. We equip 0 with the vague topology. 0 is a Polish space with this topology. (cf. [23] . The 0-valued process associated with (1.1) is In order to construct dynamics ( (2) Typical examples of p are grand canonical Gibbs measures with potential ~. See [18] for the definition; there they are called Gibbs measures.
(3) If we take to be a grand canonical Gibbs measure with hard core potential given in Example 1.1, then {1f:D~} describe the motion of infinitely many hard core Brownian balls. Let IRd; ~ ~ r ~ and Q~ be the z times product of Qr. We denote by ~T the density functions of p on Qr (see [18] for the definition).
We also denote the infinite volume correlation functions of p if exist. (see [24] ). Let T~:02014~Q denote the translation given by describes the motion of environments seen from the tagged particle, and corresponds to the motion of the coupling of the tagged particle and environments seen from the tagged particle. The former diffusion is represented by Here is the (position of) tagged particle. This representation makes sense until t a := E !R~}. Here, in other words, a is the right end point of the random interval [0, a), where the tagged particle Xt ' is defined. We see eventually a = oo a.s. by Lemma 2.3. Proof -For the sake of brevity we only sketch the proof; the details will appear in [19] . The We thus proved (2) . (3) [20] we will prove the limit matrix is strictly positive if d &#x3E; 2 and 03A6 satisfies the following:
r has positive Lebesgue measure.
We conjecture that (~.5) is unnecessary. On the other hand, (~.4) seems essential; we conjecture that there exists a potential ~ whose limit matrix is degenerate when (~.4) is not satisfied.
(2) When d = 1 and ~ E then (M.4) is not satisfied in general.
So it may happen that ~ ( ~ )~ _ 0.
(3) When 03A6 E = 1, Guo [6] proved the convergence in f.d.d.. In Compared with these results, our results require no such restrictions on 03A6
and, in addition, the convergence is weak in C([0,oo) -
We will study non symmetric interacting Brownian motions in the next subsection, which are also excluded in [6] , [1] .
We give three examples of 03A6 which satisfy assumptions (03A6.1)-(03A6.3).
No example below are covered by [6] , [1] . [ 11 ] , [15] , [16] , [5] ). When the number of vortexes is finite, ( 1.9) was solved in [2] , [14] , [15] . On the other hand if the number of vortexes is infinite, (1.9) has not been solved yet. This problem was proposed in [4] . Remark 1.5. -Let 03A6 satisfy (P.l)-(P.3) and (p.5) and let p E Let G be a bounded measurable function with compact support on 1R2.
Then by replacing J-Lhard and in Example 1.4 by p and G we obtain W satisfying the assumptions in Theorem 1.6. This argument can be generalized to any even dimensional IRd.
Reflecting diffusions in random domains
In [21] we studied homogenization of reflecting diffusion in random domains. By applying Theorems 1-3 to this problem, we obtain better results than ones in [21, Sect. Hence Ef are positive for all A &#x3E; Ao = C8 + 4C~;
The first statement in ( 1 ) follows from (2.6), (2.7) and the closability of fB By (2.6) and (2.7) we have D* = DP. So quasi regularity of (SP , Dp, L2{p)) follows from that of (S* , D'~, L2{p)).
Vol. 34, n° 2-1998. Combining this with D* = DP yields (2) In the rest of this paper we fix A' &#x3E; Ao and set By Lemma 2.1 (~', DP, L2 ( p) ) is a Dirichlet space. So let R~ be the A-resolvent of ( p) ) . The relation between resolvents is given by the following. Accordingly, the same equality also holds for /~i e L~(/)). Let T~ and 7~ denote semigroups associated with (~Y~ 1~, L2 ~~d x 0, d~ x ~c) ) and (~', DP, L2 ( p) ), respectively. ( 1 ) . We obtain (2) by replacing h2 by p-2 h2 in ( 1 ) . D 
MEAN FORWARD VELOCITY AND ENERGY
The purpose of this section is to prove the existence of the mean forward velocity of For this we will use a (non-symmetric) form DP) on L2 ( p), introduced in Section 2, that is also associated with
Recall that the existence of the mean forward velocity is clear if E Unfortunately is not in we have however by Lemma 2.1 that '01 E DP, which is the reason we consider on L2(p). 
Hence
Combining this with (3.5) yields ( 1 ) . The proof of (2) is similar. So we omit it. D Remark 3.1. -By (2.9) and Lemma 3.1 (2) we have In this sense cp = (cpi) is a mean forward velocity of Xt.
We next introduce energies of additive functionals of (Xt, E) of Here as before aijDjgdv. Let be the element of D whose representative is ~~ . Let be the solution of (0.9) as before. LEMMA 
~~~T ~ E Do is the solution of
Recall that D is a Hilbert space with inner product ~/ and Do is its closed subspace. Let P : D -Do be the orthogonal projection. In case of = ~~ we obtain by (4.12) that Statement (2) follows from this and (4.11) immediately. We next prove ( 1 ):
We thus complete the proof.
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APPENDIX
In this section we prepare some results from Dirichlet form theory. Most of these are originally for regular Dirichlet forms on locally compact metric spaces. It can be proved that they also hold for quasi-regular Dirichlet forms on a Hausdorff topological space by using the transfer method (see [3] , [12] ).
In the first half of this section we assume (A.1 )-(A.5) and later we will assume (A.6) in addition. Recall that is conservative and satisfies (2.9) and (2.10) by Lemma 2.3. Taking (2.9) and (2.10) into account, we consider the following space of d-dimensional martingales. Let 
is continuous in t in L2 ( p) . (2) Lemma 5.2 is an analogy of [21, Proposition 4.3] . In [21] we assumed inequality ( 1 ) hold for all A &#x3E; 0. Since we let p -oo in (4), it is enough that inequality ( 1 ) holds for some A. In [21 ] we missed assumption (2) . We need this assumption at the final step of the proof.
Proof -Hypotheses (5.1 ) and (5.3) follow from ( 1 ) By definition (l~u)(x, e) _ u(9); we write 10u when we emphasize 10u is a function on IRdx8, otherwise we simply write u. We next prove for Let denote the dual resolvent of Rp on L2 (p). Then Hence for all p we have pmp = pRpuu. Since for fixed (x, 0) both sides are continuous in p, we obtain (5.7). By (5.7) for each h E L2 ( p) we have for all p. Combining this with (2) we see Nt], = 0 for all t &#x3E; 0 and h E L2 ( p) . Hence for all t &#x3E; 0 we obtain Vol. 34, n° 2-1998. 
